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Circuit resonance energy CE defined by Aihara is one of indices for local aromaticity.

The CE for a circuit

of a polycyclic conjugated molecule is calculated from the roots of the reference polynomial and circuit

characteristic polynomial.

It is reported that there exist polycyclic conjugated molecules which have identical

reference polynomials and identical circuit characteristic polynomials and thus identical circuit resonance

energies.

Since 1972 when Clar published a book! “The
Aromatic Sextet” it became evident that aromaticity is
not a global property of polycyclic conjugated
molecules, but that an aromatic character can be
associated with particular rings of the conjugated
systems. A large number of topological indices for
measuring the local aromaticity have been proposed,?
among which the circuit resonance energy plays a
significant role. Within the framework of the
topological resonance energy (TRE) theory® circuit
resonance energy was defined in two different
manners: by Aihara? and by Gutman and Bosanac.9
In both of these approaches the circuit resonance
energy of a given circuit Cy, CE(C,), is a measure of
the contribution of the circuit to the TRE of the
respective molecule. Since the stability of a
(poly)cyclic conjugated molecule (which can be
predicted from the TRE value of the molecule) obeys
the generalized Hiickel 4n+2 rule,9 it is desirable that
circuit resonance energies also obey similar rules.
Unfortunately the circuit resonance energies
calculated by the method of Gutman and Bosanac® for
some hydrocarbons violate the Hiickel rule. On the
other hand one of the authors?” has recently shown
that the CE’s defined by Aihara strictly obey the
Hiickel rule. Moreover the same author extended the
notion of CE to Mobius-type circuits and proved that
4n+2 rules apply to these circuits as well.

The actual relation between TRE and the circuit
resonance energies is nowadays not completely
understood. The ideal case would be if TRE could
be represented as a sum of the pertinent circuit
resonance energies. However, in reality the situation
is somewhat more complicated, because TRE depends
not only on effects of individual circuits but also on
collective effects of pairs, triplets etc. of circuits.
Only for monocyclic systems TRE coincides with
circuit resonance energy. Anyway, the circuit
resonance energy can be interpreted as the part of TRE
which originates from the respective circuit of the
conjugated system considered.

The present paper is concerned with Aihara’s cir-
cuit resonance energy. Until now it has not been
reported that there exist topologically nonequivalent

conjugated systems having identical circuit resonance
energies. Here we point out a whole class of such
conjugated systems.

The Main Results

Let G be a graph representing the m-electron net-
work of a polycyclic conjugated molecule without
bond alternation. Denote the reference polynomial
of G in the topological resonance energy theory3 by
R(G;X). This polynomial is also called the matching
polynomial and can be expressed in the form

R(G;X)= ; (—=1)k m(G,k) XN—2k, (1)

where N is the number of vertices of the graph G and
where m(G,k) denotes the number of k-matchings of
G. The circuit characteristic polynomial for a circuit
C,in G, P(G/Cy;X), is expressed in terms of reference

polynomials as

P(G/C;X)=R(G;X) — 2R(GOCr;X), @)
where GBC,, is a subgraph of G obtaind by deleting
all the vertices in C, and edges incident to Cn from
G."  The second term on the right-hand side of Eq. 2
represents the contribution of the circuit C,. The
reference polynomial R(G;X) has no contribution
from any circuit. Circuit resonance energy of the
circuit C,, defined by Aihara is given by

CEA(Gy)= ; g1 X;(P(G/Cr)— ? g X (R(G)), 3)
where Xj(P(G/Cyr)) and Xj(R(G)) denote the J-th roots
of P(G/Cy,X) and of R(G;X), respectively and gj is the
occupation number of the J-th MO.

If two graphs G’ and G’/ satisfy the following two
equations at the same time

R(G’;X)=R(G”;X) and P(G"/C/;X)=P(G"/C"X),
1.e.
R(G’;X)=R(G”;X) and R(G’QC";X)=R(G"SC";X), (4)

where C’and C” are circuits in G’ and in G”, then we
have

CEA(C’ in G’)=CEA(C” in G”).
We now find graphs which satisfy Eq. 4.
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Fig. 1. Graph Z(V;).

Consider a molecular graph Z(V;) shown in Fig. 1,
which is constructed as follows. Let X be a graph
possessing p vertices v1, vz,+, vp which satisfy

RX—v1)=R(X—vg)=+=R(X —vp). (5)
Let Y be another graph and wvo its certain vertex.
Denote the set {v1, vg, -+, vp} by V. Let Vi={v;, vj,, -,

v;,} be a certain g-element subset of V.  Construct the
graph Z=Z(V;) by connecting the vertex vo of Y with

the vertices v}, v;, *++, vj, of X. Hence g new edges are
to be introduced; they are denoted by e, e2, -, eq,
respectively.

Proposition I. Suppose that g is a fixed number.
Then the reference polynomial of Z is the same for all
choices of the subsets V;. Moreover

R(Z)=R(X)-R(Y)—qR(X—v)-R(Y —w), (6)

where v is an arbitrary element of V;.

Proof of Proposition I. Denote by G1UGz the graph
composed of two disconnected components G; and
Gz Recall that R(G1UG2)=R(G1):R(Gz). Divide
the k-matchings of Z(V;) as follows:

a) The matchings which do not contain the edges e,
e2, *-eq; there are m(XUY,k) such matchings.

b) The matchings which contain one of the edges e,
e, --eq, say e;; these matchings cannot contain the
edges e1, ez, --€i-1, €i+1, eq; their number is equal to
m(Z—vj—vo,k—1)=m(X—v;UY—v0,k—1).

Consequently

m(Z,k)=m(XUY,k) + S m(X — v UY —vok—1). (7)
=1
When substituted into Eq. 1 relation 7 gives
R(Z)=R(XUY)— ' R(X — v, JY —vp). (8)
=1

Now

R(XUY)=R(X)-R(Y),

R(X — v JY —v0) =R(X — vj;) - R(Y — wo).
Since the vertices from V; satisfy Eq. 5, Proposition I
follows.

Proposition Ila: Suppose that g=3. Let Ci be a
circuit of Z(V;) containing (among others) the vertices

Ivan Gurman and Noriyuki MizogucHI

isomorphic molecules

[Vol. 63, No. 4

vo, v;, and vj,, Then ZOC: is independent of the
choice of the vertices vj;, *+, Vj,.

Proof of Proposition la. If we delete from Z(V;) the
vertices of the circuit C1 then we also must delete all
edges of Z incident to vo. This means that ZOC; dose
not contain the edges es, ***, eq and therefore the actual
choice of the vertices Ujyy *** Vjg 18 immaterial.

Proposition ITh: Suppose that g=2. Let Cz be a cir-
cuit containing (among others except the vertex vo) all
the vertices satisfying Eq. 5. Then ZOC: is in-
dependent of the choice of the vertices of the subset V;.

This proposition should be evident from the
definition of the circuit Ce.

Thus we found that a series of graphs derived from
Z(V;) satisfy Eq. 4. Therefore Propositions I and ITa
lead to Proposition IIIa, and Propositions I and IIb to
Proposition ITIb.

Proposition IIla: The circuit C; has identical CEA
for all the graphs of the form Z(V;).

Proposition ITIb: The circuit Cg has identical CEA
for all the graphs of the form Z(V;).

Equation 4 is a necessary condition for non-
to have identical circuit
resonance energies. So, as a result of the sum of Eq.
3, molecules not belonging to Z(V; may have
identical circuit resonance energies even if they don’t
satisfy Eq. 4. But these molecules may not have
identical circuit resonance energies when they are in
ionic state. Molecules represented by Z(V;) have
identical circuit resonance energies even when they are
in ionic state because they have identical reference
polynomials and identical circuit characteristic
polynomials. This is a significance of the finding of
molecules represented by Z(V;).

The fact that circuits in different molecular graphs
can have equal circuit resonance energies reveals that
CEA depends on some, but not on all details of the
molecular structure. It infers that structural features
other than the size of the circuit have a relatively small
influence on CEA. This may be considered as the
chemically most relevant conclusion of the present
work. By finding distinct conjugated systems with
equal CEA’s we demonstrated that the theory of
circuit resonance energy has reached a level when the
dependence of CEA on molecular structure is almost
fully understood.

Examples

One can construct arbitrarily many graphs
belonging to the class Z(V;). In actual applications
of the propositions proved above the concept
“equivalent vertices” is very useful. The vertices v1,
vs, +-, Up of a graph X are said to be equivalent if

X—v1=X—ve=--=X—vup. These vertices , of course,
satisfy Eq. 5.
Some typical examples of molecular graphs

belonging to class Z(V;) are depicted in Fig. 2.
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Fig. 2. Some molecular graphs belonging to the
class Z(V;).

a) Graphs G1, G2, and G3. In this case X is the
[11]Jannulene graph, Y is the inner vertex and g=3;
each six-membered circuit in these graphs corresponds
to the circuit C; in Proposition Ila and each circuit
b+c also corresponds to the circuit Cy; each peripheral
circuit corresponds to the circuit Cz in Proposition IIb
because the peripheral circuits contain all the
equivalent vertices in the [ll]Jannulene graph.
Therefore, it is seen from Proposition IIla that the six-
membered circuits in the graphs G1, G2, and G3 have
identical CEA'’s, the circuits b-+c have identical CEA’s
and from Proposition IIIb that the peripheral circuits
have identical CEA’s.

b) Graphs G4 and G5. In this case X is the
naphthalene graph, Y is one vertex, and g=2; each
circuit a+b in these graphs corresponds to the circuit
Cz in the Proposition IIb because the circuits contain
all the equivalent vertices in the naphthalene
graph. Therefore, from Proposition IIIb it is seen
that the circuits a+b in the graphs G4 and G5 have
identical CEA’s.

¢) Graphs G6, G7, and G8. In this case g=2 and
the graph X is the graph G9 depicted in Fig. 3. In
Fig. 3 also a set of equivalent vertices of G9 is
indicated. We can find only the circuits corre-
sponding to the circuit C2. According to Proposition
IIIb it is seen that

CEA(b+c in G6)=CEA(b+c in G7)=CEA(b in G8), (9)

CEA(a+b+c in G6) =CEA(a+b+c in G7)
=CEA(atb in G8), (10)

CEA(b+c+d in G6)= CEA(b+c+d in G7)
=CEA(b+d in G8), (11)

G9.

Fig. 3. Graph G9.
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CEA(a+b+ctd in G6)=CEA(a+b+ct+d in G7)
=CEA(atb+d in G8), (12)

The cases described above, of course, are not the
only examples of non-isomorphic molecular graphs
having identical circuit resonance energies. By
appropriate combinatorial reasoning we can construct
many other examples of this kind.

Mobius-type Circuits

The anti-Hiickel rule® states that stabilities of
Moébius annulenes show opposite tendencies to those
of Hiickel annulenes. The graph representing a
Mobius annulene is obtained by giving weight —1 to
one edge in the (Hiickel) annulene graph. The
concept of Mobius annulene was extended to
polycyclic conjugated molecules.? Polycyclic M6bius
graphs contain two types of circuits, Mébius-type and
Hiickel-type circuits. A circuit is said to be Hiickel-
type if it contains an even number (or no) of edges
with weight —1, Mobius-type if it contains an odd
number of edges with weight —1.9

By giving weight —1 to one of the edges in G9 one
obtains various Mo6bius graphs. Figure 4 shows two
of them, G10 and G11. For instance, in G10, three
circuits a, a+b and a+b+c are Mébius-type whereas
the other circuit b+c is Hiickel-type. It should be
noted that vertices which are equivalent in the
(parent) Hiickel graph need not be equivalent in the
Mobius graph. As indicated in Fig. 4, the two
Mobius graphs G10 and G11 have different sets of
equivalent vertices from that of graph G9. It can be
shown, however, that if some vertices of a Hiickel
graph G satisfy Eq. 5 then they satisfy Eq. 5 also in the
case of any Mo6bius graph derived from G. Therefore
the results of the previous two sections are
immediately applicable to Mobius systems as well.

If the circuit Cy, is a Mobius-type circuit, then Eq. 2
has to be replaced by”

P(G/Cn;X)=R(G;X) +2 R(GOCn; X). (13)

The coefficients of the reference polynomial of a
graph G remains to be the same even if some edges of
G are weighted by —1.9 This means that any M&bius
graph, obtained from the parent graph by giving
weight —1 to the set of certain edges, has the same
reference polynomial as that of the parent graph.?
This observation leads to an important conclusion,
namely that the statements of Propositions I, I1a, and
IIb (which hold for Hiickel-type circuits) can be

G S G

G10 G1
Fig. 4. Mobbius graphs for graph G9.
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Fig. 5. Some Mobius-type graphs belonging to the
class Z(V;).

straightforwardly extended to apply to Mobius-type
circuits as well. This, on the other hand, implies
that Propositions IIIa and IIIb remain valid also if
Z(V;) is a Mobius graph.

Consider one example of the application of the
above result. When the graph G10 is chosen as X in
Z(V;) we have three Mobius-type polycyclic graphs,
viz. G12, G13, and G14 depicted in Fig. 5; these should
be compared with G6, G7, and G8, respectively.

The graphs GI12, G13, and Gl4 have identical
CEA’s shown by Egs. 9—12.

As an additional remark to the above discussion we
note that in the case of polycyclic M6bius graphs it is
quite easy to find examples with identical circuit
resonance energies. Let G be a Hiickel graph and G’
and G” be two Mobius graphs obtained from G by
associating weights —1 to some of its edges. Then G’
and G” satisfy Eq. 4. Bearing Eqgs. 2 and 13 in mind
we arrive at the conclusion that the CEA of a Hiickel
circuit is the same in all Mobius graphs derived from a
given parent (Hiickel) graph. The same holds for the
CEA’s of a Mobius circuit.  For example, the circuits
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c in the graphs G9, G10, and G11 have equal CEA’s.
The same holds for the circuits a+b in the graphs G10
and G1L.

Concluding this work we wish to point out the
recently obtained rules” for predicting the signs of
Aihara’s circuit resonance energies. These rules state
that

a) CEA of a (4n+2)-membered circuit is positive if
the circuit is Hiickel-type and negative if it is M6bius-
type;

b) CEA of a (4n)-membered circuit is negative if the
circuit is Hiickel-type and positive if it is MObius-type;

c¢) CEA of an odd-membered circuit is positive
regardless of the type of the circuit.

Hence the sign of CEA can be predicted just by
counting the number of vertices in the respective
circuit.
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